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energy level (F = o¢T*%) is small; then provided 7 = 7* we
will have

L0 o

k ~ k (12)

or lr=7%-0 ’ or r=7%40
where kr is the ordinary heat conduction coefficient. Obvi-
ously, these stipulations may be posed also with small values
of 7%, when surface cooling oceurs.

The viscous layer generates heat which is transferred to the
wall and the thermal layer according to the equation

1o =
== ut — 2 1
0= =5 f, eustur — iy (13)

and which may be found by calculations for an incompressible
viscous layer.? The thermal stream toward the wall may
then be determined from the formula

k* ot

Qo=¢—qr=q—= "

¢ Oy (14)

y=0

From these conditions, we may find the parameters of
stream flow for different allowable values of ¢ and 2. In
particular, when g, = 0 we have a thermally insulated plate.

Figure 3 gives curves, which were calculated with the help
of high-speed digital computer for case ¢ for various values
of Band n.

4. We conclude with a discussion of a process of the same
nature which can oceur during longitudinal stabilization of a
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gas discharge in the presence of a large pressure when the
magnetic Reynold’s number is large.?

In this case, the magnetic Reynold’s number has a role
which is precisely analogous to that of an ordinary Reynold’s
number in the case analyzed in the foregoing: compressed
by a large convective stream which is a good internal con-
ductor of electric current, heat sources will be concentrated
near the discharge axes in a narrow region, having a thickness

of the order of § =~ L/V Re m; further away from the axes
will extend a wider region of the thermal layer, containing
no currents and described by Eq. (7). Heat generated by

the electric current layer ¢ = 47 f : vmj?dy (in the flat case)

will be transferred to the thermal layer. In this expression
7 1s the electrical current density and V the magnetic
viscosity.
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Integral Kinetic Equations of the Theory of Monatomic Gases

in the Presence of an External Field of the Forces of Mass

A. V. Berova AND S. V. VALLANDER

NTEGRAL kinetic equations of the theory of monatomic
rarefied gases were derived in Refs. 1 and 2. Problems in
the aerodynamics of monatomic rarefied gases were also
stated in Ref. 2.
The integral kinetic equations given in Refs. 1 and 2 were
of the following form:

f(f)a’t) = (1/|u"l) é(FsJﬂ)t)H(f)altlTs) +
[0 - att = DanNGaLE (1)
+
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In these equations f is the distribution funetion; II the
probability of free motion; @ the internal generation function;
& the boundary generation function; 7 the internal shock
transformant; T the boundary shock transformant; o the
collision cross section, dependent on the relative velocity of
colliding particles; @ and @, the integration variables (vector)
in velocity space; dw, and dw. are the volume elements in
velocity spaces @ and 4; 7 and g are scalar parameters; 7 is
the external normal to the surface of the streamlined body in
the point with radius vector 7, at the moment of time 7,; 8 the
surface temperature in the point with radius vector 7, at the
moment of time 75; and 7, and 7, are certain functions of # and
t. The remaining notations and definitions are assumed
known from Refs. 1 and 2.

It was assumed in Refs. 1 and 2 that the external field of the
forces of mass does not affect the moving gas. The present
paper determines a system of equations which is a generaliza-
tion of Eqgs. (1-4) and is applicable to the case of motion of the
gas when it is affected by a constant external field of the
force of mass.

However, due to the exponential decrease of the probability
of free motion II, the equations derived in the present paper
are valid also in variable fields of force if the variation of the
fields is negligibly small at distances of the order of magnitude
of 5-10 mean free paths during periods of time equal to 5-10
average time intervals between the collision of atoms.

The derivation of Egs. (1-4) implies that the validity of
(3) and (4) is not dependent on the assumed absence of the
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forces of mass. It is the object of this paper, in principle, to
modify the derivation of Egs. (1) and (2), taking into account
that the external field of the forces of mass of the atomic
trajectories are curvilinear.

It is possible to approach the derivation of these equations
in two ways.

First, it is possible to include in the investigation a co-
ordinate system moving at uniform speed, to have in this sys-
tem of coordinates acceleration g equal to zero, to write (1)
and (2) in this coordinate system for bodies in motion, and
then to return to the previously used coordinates.

Second, it is possible to generalize directly the scheme dis-
cussed in Ref. 2.

Since the equations derived herein are applicable to the
more interesting case of the motion of gas around a system of
fixed bodies, the second approach to the derivation of the
equations sought appears more suitable.

1. Probability of Free Motion

Let the atom be in the point with radius vector 7 and have
velocity @ at the moment of time ¢. Let Z denote the vector

as; %,

Fig. 1.

of acceleration in the constant field of forces of mass. In
the case of free motion of the atom during the interval (r,£),
its position and velocity at moment ¢(r < ¢ < ¢) are deter-
mined by radius vector 7, and vector 4, and

Fo =7 — a(t — ¢ + El(t — ¢¥/2]
’ (3)
Ug = % — g(t - 9)

We now divide interval (r,f) in elementary intervals Ag;.
Let us denote

T+ 21 Ay = ¢ (6)
b=

In agreement with (1) the probability that the atom in the
point with radius vector 7; and velocity @; will collide with
another atom during Ag; is

Q: = Ag: fff [72@ - ﬁ'l U(|1Zi - ﬁll)f(fi; a',q)dew’  (7)

Then probability II of free motion during the interval (z,f) of
an atom which at moment 7 is in the point with radius vector
fr, has the velocity 4., and at moment ¢ appears to be in the
point with radius vector 7 and to have the velocity 4 is

H(F7'Iz}t}7.) =
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2. Distribution Function Expressed through
&, &, and II

Methods similar to the ones investigated in Ref. 1 are
studied. Quantity dn, which gives the number of atoms at
moment ¢ in volume d€2, which have velocities from dw, can be
written as follows:

dn = f(7,4,t)dQdw 9

On the other hand, it is possible to derive the expression for
this quantity dn employing functions ® and & introduced in
Ref. 1. The relationships sought are obtained by equating
these two expressions.

Let X; be the point for the vicinity of which quantity dn is
computed (see Fig. 1). Radius vector 7, of point X; is de-
noted with 7. We draw the trajectory of the atom through
point X;; when the atom moves along this trajectory it will
be at point X; at moment ¢ and velocity %. This trajectory
intersects the fixed surface of the streamlined body at point
X, with radius vector 7;. Equalities (5) give the values of
vector 7, and velocity 4, for ¢ = 7,. If the constructed tra-
jectories do not meet the surfaces of the streamlined body, it
is assumed that X, lies on it at an infinite distance. We con-
struct the element of the fixed surface dS near point X,. It
can readily be seen that the particles emerging at moment 7,
from the different points of element dS at identical velocities
will fill the areas dS,, in the following moments 7, which are
parallel and equal to the initial element of surface dsS. )

Volume element dQ must be constructed in the vicinity of
X in order to compute quantities dn. We select an interval
dT. We select an oblique cylinder as the volume element
dQ, for which the lower base dS; is constructed near point
X, and the top base dS; is parallel and equal to element dS.
The element of the cylinder dQ is selected parallel and equal
to the segment of the trajectory of the atom which, passing
through the lower base dS; at the moment of time (¢ — dT) at
velocity ;—qr, reaches the top base of the eylinder dS, with
velocity @ at moment ¢.

Conservation of small quantities not higher than the first
order of smallness in relation to d7 is advantageous in all
calculations. Therefore, further -calculations take into
account the first powers of d7', neglecting the higher powers of
small quantities. In such a case the height of the cylinder
dH = |(wi—ar)s|dT can be assumed to equal dH = |u.|dT
and the volume dQ = |u.|dS-dT.

The eylinder elements d<, in this case, are directed along 4,
and the trajectories of atoms which at moment ¢ reach in the
corresponding points dS; and dS,; with velocity % will ecoincide.

We first compute the number dn; of particles reaching dQ
from the curvilinear eylinder ABCD with bases dS and dS;,
the elements of which are the atom trajectories emerging from
the boundaries dS at velocity .. We select point X, on tra-
jectory X, X; and construet near it a volume—disk G with base
dS; and height dh. The particles emerging from dS, at mo-
ment 7 and velocity 4, in the case of this free movement at
moment ¢ reach section dS at velocity @. The particles
that belong to volume @, which at moment ¢ reach the upper
base of volume dQ-dS, with velocity @, must emerge from
dS, at the moment of time (r — dT) with velocity @, —a7.
The magnitude of interval d7 is related to dT' through

[(ur)aldT = |ua|dT = dH (10)

Computing the number of atoms which disk G delivers to
volume dQ during the interval dT, one can negleet the varia-
tion of the generation function ® and the probability of free
motion II during this interval because consideration of these
quantities gives magnitude of a higher order of smallness.

®)
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Thus, for the complete interval d7 in disk @, functions &
and IT are considered equal to ® (7,,%,,7) and II(F,%,,7), re-
spectively. 'Then the number of atoms dn. supplied by disk ¢
during the time d7’ to volume dQ with the necessary velocities
equals

dn, = dS.-dh-dw, B a,7) - MUFaLndT (A1)

OFutr) = e

Replacing dT' with its expression through d7 from (10), con-
sidering the equalities

dS,; = dS dQ = |u.|dSdT dw, = dw (12)

and selecting 7 as the independent variable, introducing the
notation dh/|(u,).| = dr, we have

dn, = dQdwd(F,,a.,7)U(F,a,t7)dr (13)

The over-all number of particles, of interest in this case,
which is supplied by cylinder ABCD to volume df is derived
by integrating (13) according to = from 7, to -

I3
dn = dde f ®(Fr, 0,7 TL(F, 5 4,7) dr =
Ts

AQde f,:q’[f —alt—7) F+ gt -2 u—
gt = ), 7] (7,0 t,m)dr  (14)

We now compute the number of particles dn, supplied by
surface element dS to volume d2 at moment of time t. At
moment of time ¢ the volume dQ contains those particles with
velocities from dw which have been generated on surface ele-
ment dS during the interval (r. — dT,7,) and which have
passed the total path without collisions. With the assumed
accuracy, the number of such particles is given by

dny = dSdws D(Fetiers) - TL(F,a,t,7,)d T (15)

Introducing quantity d7 instead of d7\, in agreement with
(10) and in consideration of (12), the equation for dn, is
written as follows:

dny = (1/| () n|)®(Foytisyrs) - IL(F, 0t ) Qe (16)
Substituting (9, 14, and 186) in
dn = dm + dn. a7

we find the relationship sought between functions 1,®,®, and
1I:

FFaL) = (1/](ue)a))B(Foytiers) - TL(F,at,Ts) +

[ o - at — 7 + gl — D2l @ -
g(t - 7)77-]'11(7;72:“/:7) dr (18)

3. General Remarks

The following general remarks are made in conclusion.
First of all, the foregoing implies clearly that the system of

4o
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kinetic equations generalizing (1-4) in the case of motion of a
gas in a constant external field of force is as follows:

f(iyﬁ/yt) = (1/](713)"[)(5(73,723,7'3)'H(F,’Iz,t,’rs) +
[ o —at = +zle - v2) 0 -
g(t - T);T]'H(fr"zztrT)dT (19)

(20)

B(F,a,0) = ;ff}j‘ff [t — @ o(ja — @) X

FEaOf(Fast) X T(a,usu)dodw,  (21)

30 = [ 1eompl@.l Tanands @)
(ul)n<0
As in the system of Eqs. (1-4), functions II, ®, and ® can
be omitted from the system of Eqs. (19-22) and an integral
equation can be derived for the function f as follows:

f=v® (23)

where V(f) is a certain integral operator over f.

Furthermore, it is obvious that the statement of the
problems of aerodynamies for the system of Egs. (19-22) or
for Eq. (23) is practically the same as the statement of the
problems for the system (1-4) or its corresponding integral
equation.

If one considers the external problems formulated in Ref. 2,
then the total variation is reduced to the circumstance that at
infinity one has the Boltzmann distribution instead of the
Maxwell distribution, which corresponds to the existing field
of the forces of mass. The validity of the Boltzmann distribu-
tion can be readily established directly from (23) written for
the steady state of a gas which fills the complete space.

Asin Ref. 1, it is possible to determine that the Boltzmann
equation follows from (19-22), which in the case under in-
vestigation and in our notations has the following form:

of of of of of of of _
bt+ulbx1+u2 z “ x3+gl Uy ngu2+g3bus_

+o
3G.a0 — a0 [[ [ la=a| o (aw)eanie’ @

Finally, it is clear that the system of Eqs. (19-22) can be
solved by the method of sequential approximations, specified
in Ref. 2 for the solution of the system of Fgs. (1-4).
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